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Abstract – Probability Hypothesis Density and other in-
tensity filters are based on modeling the multitarget state as a
realization of a Poisson point process (PPP). Target identifia-
bility is lost in these models; consequently, the filters require
targets to have the same motion models and data likelihood
functions to be the same for all targets. These are unrealistic
limitations in some applications.

The Marked Multitarget Intensity Filter (MMIF) pre-
sented here enables the use of heterogeneous target motion
models and data likelihood functions. The MMIF uses a
marked PPP target model together with a parameterized
PPP intensity function. The parametric model is an affine,
joint, linear-Gaussian sum on the joint measurement-target
space. The “at most one measurement per target” rule is
enforced in the mean.

Keywords: Intensity filter, PHD filter, Heterogeneous
target models, Poisson point process, Microtargets,
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1 Introduction
The Probability Hypothesis Density (PHD) and other
intensity filters assume that targets have the same mo-
tion model. They also assume that the likelihood func-
tions of the data are the same for all targets. Such
assumptions are idealized and unrealistic in some ap-
plications.

An alternative approach to these Poisson point pro-
cess (PPP) based filters called the Marked Multitarget
Intensity Filter (MMIF) is presented. The MMIF ac-
commodates heterogeneous target motion models and
measurement pdfs (probability density functions). The
added generality is achieved by using a marked PPP to-
gether with an appropriately parameterized intensity
function:

• Marked Targets. The targets are “marked” by mea-
surements. This is a natural interpretation of the
measurement process. Because of the well known
Marking Theorem of PPPs (see the Appendix), the

marked target PPP is equivalent to a joint PPP on
the Cartesian product of the measurement and tar-
get spaces.

• Superposition. Individual targets are modeled as
independent PPPs. Superposition is appropri-
ate in multitarget tracking applications, so these
target-specific PPPs are superposed with a known
clutter PPP to obtain the aggregate PPP target
model. Linear-Gaussian target motion and mea-
surement processes are adopted.

The likelihood function of the MMIF corresponds
to the superposition of the joint measurement-target
PPPs, a modeling strategy that is apparently different
from what has been proposed previously. The aggre-
gate intensity function model is thus an affine, joint,
linear-Gaussian sum.

Measured data are modeled as measurements for
which the corresponding target states are, liter-
ally, missing. This concrete physical model of the
missing data is accommodated by the Expectation-
Maximization (EM) method. The result is the MMIF
recursion presented in this paper.

The paper is organized as follows. The distinctive
features of the MMIF are discussed in Section 2. Section
3 discusses the target and measurement model, while
Section 4 discusses the joint measurement-target inten-
sity function. Section 5 gives the likelihood function
and outlines the essential details of the E- and M-steps
of the EM algorithm. Section 6 explicitly defines the
MMIF recursion. Concluding remarks are given in
Section 7.

2 Important Features of MMIF
Heterogeneous target motion models and measure-

ment pdfs (probability density functions) are easily in-
corporated into the MMIF in such a way that estimates
of the multi-target state are evaluated directly by the
algorithm. This sidesteps the need of a separate post-
processing algorithm of the kind required by the PHD



and intensity filters to extract target state (and covari-
ance matrices) from the intensity function.

Direct estimate of the multi-target state is achieved
at the cost of using a parameterized sum model for the
intensity function. This strongly affects their ability to
model the number of targets. However, in practice,
various methods can compensate for this limitation.
These methods are not discussed here.

An important feature of the MMIF is that it conforms
to the “at most one measurement per target rule” but
only in the mean, or on average. The expected num-
ber of measurements that a single target produces on
the joint measurement-target space is the integral over
the joint measurement-target space. The rule holds be-
cause the marked single target PPP intensity function
integrates appropriately (see Eqn. (9) below).

Another important feature of the MMIF is that the
EM weights depend on the Kalman filter innovations.
The weights in other Gaussian sum filters often in-
volve scaled multiples of the measurement variances,
resulting in filters that are somewhat akin to nearest
neighbor tracking filters. Another consequence is that
the covariance matrices produced by the MMIF may be
more consistent than in other EM applications to track-
ing, e.g., PMHT (Probabilistic Multi-Hypothesis Track-
ing); however, covariance consistency is not studied in
this paper.

If data assignments are modeled as independent ran-
dom variables, and these random variables are treated
as missing data in the sense of EM, the resulting algo-
rithm is little different from a PMHT-style filter that is
modified so that the mixing proportions no longer sum
to one. The MMIF is very different from this model be-
cause the marked PPP enforces the “at most one mea-
surement per target rule” if only in the mean. This is
a direct consequence of the EM weights including the
Kalman innovations.

3 Target and Measurement Models
The MMIF uses a linear Gaussian target motion and

measurement model for each target and superposes
them against a known background clutter model. The
target models need not be the same for all targets. Sim-
ilarly, different sensor measurement models are also
accommodated. Superposition leads to an affine Gaus-
sian sum intensity function on the joint measurement-
target space. The affine term corresponds to a spec-
ified (known) clutter PPP. (The MMIF is unrelated to
the Gaussian sum methods used to approximate PHD
filters.)

To reiterate and establish notation, the MMIF builds
on the basic idea that a target in state x is marked with
a measurement z. The multitarget state is modeled as
a PPP, so the joint measurement-target vector (z, x) is a
point in a realization of a PPP on the Cartesian prod-
uct of the measurement space Rnz and the target state

space Rnx . As seen from the Appendix, measurement-
marked target PPPs are equivalent to ordinary PPPs on
the Cartesian product of the measurement and target
spaces, Rnz ×Rnx . These joint PPPs are superposed,
and the target states estimated via the EM method.
The MMIF satisfies the “at most one measurement per
target rule” in the mean.

Target Modeling
The multiple target state of L targets at time tk is the

vector
xk ≡ (xk(1), . . . , xk(L)) , (1)

where xk(`) ∈ Rnx for 1 ≤ ` ≤ L. All targets move ac-
cording to a linear Gauss-Markov model. Target states
are estimated at the discrete times t0 < t1 < t2 < . . .,
where t0 corresponds to a starting time at which the a
priori target pdfs are specified. The pdf of a target in
state xk−1(`) at time tk−1 transitioning to state xk(`) at
time tk is

Ψk−1 (xk(`) |xk−1(`))
= N (xk(`) ; Fk−1(`)xk−1(`),Qk−1(`)) , (2)

where the system matrix Fk−1(`) ∈ Rnx×nx and the
process noise covariance matrix Qk−1(`) ∈ Rnx×nx are
specified. The target motion model is equivalent to
xk(`) = Fk−1(`)xk−1(`) + uk−1(`) ,where the process noise
uk−1(`) ∈ Rnx is zero mean Gaussian distributed with
covariance matrix Qk−1(`). The process noises are as-
sumed independent from target to target.

Each target is modeled as a PPP. It is assumed, recur-
sively, that the intensity function of target ` at time tk−1
is

f `k−1|k−1(x) = Îk−1|k−1(`)N
(
x ; x̂k−1|k−1(`), Pk−1|k−1(`)

)
,
(3)

where the MAP estimate x̂k−1|k−1(`), its covariance ma-
trix Pk−1|k−1(`), and intensity Îk−1|k−1(`) are known.

The physical interpretation of the model (3) is of
considerable interest. First suppose that Îk−1|k−1(`) =
1. In this case the expression (3) would seem to say
that the posterior pdf of the target state at time tk−1 is
Gaussian with mean vector and covariance matrix of
the traditional Kalman filter:

f `k−1|k−1(x) = x̂k−1|k−1(`) + nk−1(`) ,

where nk−1(`) is independent, additive, zero mean
noise with covariance matrix Pk−1|k−1(`). However, by
assumption, f `k−1|k−1(x) is the intensity function of a PPP,
so this interpretation is simplistic. Instead, (3) says that
the expected number of targets in a realization of the PPP
is one. In other words, the physical interpretation of
(3) is that of an ensemble average. The points in a real-
ization of the PPP are “microtargets” (a name adapted
from the microstates of thermodynamics). No matter



how many microtargets are in a given realization of
the PPP, they appear with independent additive noise
term nk−1(`).

In the general case when Îk−1|k−1(`) , 1, (3) says that
the expected number of microtargets is Îk−1|k−1(`). In
other words, the intensity coefficient Îk−1|k−1(`) is a tar-
get strength parameter.

Under the target motion model (2), the predicted
detected target intensity function at time tk is

f `k|k−1(x) = PD
k (`) Ik(`)N

(
x ; x̂k|k−1(`), Pk|k−1(`)

)
, (4)

where PD
k (`) is the probability of detecting target ` at

time tk and is assumed independent of target state x.
The predicted state and covariance matrix of target `
are

x̂k|k−1(`) = Fk−1(`) x̂k−1|k−1(`) (5)

Pk|k−1(`) = Fk−1(`)Pk−1|k−1(`)FT
k−1(`) + Qk−1(`) . (6)

The predicted intensity takes this form because the tar-
get motion model is applied to every microtarget in the
PPP realizations of target `. (See [2] for details.) The
coefficient Ik(`) is estimated from data at time tk as part
of the MMIF recursion.

Measurement Modeling
An arbitrary measurement z ∈ Rnz at time tk origi-

nates either from one of the L targets or from the back-
ground clutter. If it originates from the `-th target with
state x, then the pdf of z conditioned on x is

pZ|Xk(`) (z |x) = N (z ; Hk(`)x, Rk(`)) , (7)

where the measurement matrix Hk(`) ∈Rnz×nx and the
measurement noise covariance matrix Rk(`) ∈ Rnz×nz

are both specified. The measurement model is equiv-
alent to z = Hk(`)x + vk(`) , where the measurement
noise vk(`) ∈ Rnz is zero mean Gaussian distributed
with covariance matrix Rk(`). The measurement and
target process noises are assumed independent.

4 Joint Measurement-Target Inten-
sity Function of the MMIF

Measurements are modeled as marks that are asso-
ciated with targets that are realizations of a target PPP.
As seen from the Marking Theorem of the Appendix,
a measurement-marked target PPP is equivalent to a
PPP on the Cartesian product of the measurement and
target spaces, that is, on Rnz ×Rnx . It is not necessary
to assume that the measurement process is a PPP.

The intensity function of the joint measurement-
target PPP of target ` in state x ∈Rnx at time tk is, from
the expression (33),

λ`k|k(z, x) = f `k|k−1(x) pZ|Xk(`) (z |x) . (8)

From the basic property of PPPs, the expected number
of marked detected targets, that is, the number of tar-
gets with a measurement, is the multiple integral over
Rnz ×Rnx :∫

Rnz×Rnx
λ`k|k(z, x) dz dx =

∫
Rnx

f `k|k−1(x)dx

= PD
k (`) Ik(`) . (9)

The expected number of points (i.e., microtargets) in a
realization of target model ` is Ik(`), so (9) is equivalent
to the “at most one measurement per target rule,” in
the mean. The rule applies only to detected targets,
hence the factor PD

k (`) in (9).
Substituting (4) and (7) gives the joint measurement-

target intensity function

λ`k|k(z, x) = PD
k (`) Ik(`)N

(
x ; x̂k|k−1(`), Pk|k−1(`)

)
×N (z ; Hk(`)xk(`), Rk(`))

= PD
k (`) Ik(`)N

(
x ; x̂k|k(z ; `), Pk|k(`)

)
×N

(
z ; ẑk|k−1(`), Sk|k(`)

)
, (10)

where, using x̂k|k−1(`) and Pk|k−1(`) above, the usual
Kalman filter equations give
Measurement covariance matrix:

Sk|k(`) = Rk(`) + Hk(`)Pk|k−1(`)HT
k−1

Predicted measurement:

ẑk|k−1(`) = Hk(`)̂xk|k−1(`)

Kalman gain:

Wk(`) = Pk|k−1(`)HT
k (`)

×

{
Hk(`)Pk|k−1(`)HT

k−1(`) + Rk(`)
}−1

Updated state covariance matrix:

Pk|k(`) = Pk|k−1(`) −Wk(`)Hk(`)Pk|k−1(`)

Information updated state estimate:

x̂k|k(z ; `) = Fk−1(`) x̂k−1|k−1(`) + Wk(`)
{
z − ẑk|k−1(`)

}
.

(11)

The joint measurement-target PPPs are independent
because measurements are independent when condi-
tioned on target state, and because targets are assumed
independent. The measurement clutter intensity func-
tion is

λ0
k|k(z) = Ik(0)qk(z) , (12)

where qk(z) is a specified clutter pdf, i.e.,∫
Rnz

qk(z)dz = 1.



In the language of [4], the clutter model is a compound
PPP. To ease the notational burden later in the EM
method, let λ0

k|k(z) ≡ λ0
k|k(z, ∅).

The joint measurement-multitarget PPP at time tk is
the superposition of target and clutter intensity func-
tions:

λk|k(z, x) = λ0
k|k(z) +

L∑
`=1

λ`k|k(z, x) (13)

= Ik(0)qk(z) +

L∑
`=1

PD
k (`) Ik(`)

×N
(
x ; x̂k|k(z ; `), Pk|k(`)

)
N

(
z ; ẑk|k−1(`), Sk|k(`)

)
.

This affine sum parameterizes the likelihood function
of the MMIF filter. The EM method uses it in the next
section to derive a recursion for estimating target states
and the intensity coefficients.

5 Likelihood Function
The MMIF recursion for linear-Gaussian target and

measurement models is derived in this section via the
EM method. Background on the EM method is widely
available; the book [1] is an excellent reference and
guide to the literature.

Denote the number of measurements at time tk by
mk ≥ 1 and the measurements themselves by

zk(1 : mk) = {zk(1), . . . , zk(mk)} ,

where zk( j) ∈Rnz , j = 1, . . . ,mk. (Details for the special
case mk = 0 are omitted.) In a joint measurement-target
PPP, every measurement z is always paired with a point
x in target state space, but whether or not x corresponds
to a target or to clutter is unknown. Denote the target
states associated with the measurements (marks) by

xk(1 : mk) = {xk(1), . . . , xk(mk)} ,

where xk( j) ∈Rnx , j = 1, . . . ,mk. The paired data are

Zk =
{(

zk( j), xk( j)
)

: j = 1, . . . ,mk
}
.

Because the target model is a PPP, the dataZk are a re-
alization of the measurement-target PPP with intensity
(13). Its likelihood function is

p (Zk) = e−
∫
Rnz×Rnx λk|k(z,x)dzdx

mk∏
j=1

λk|k
(
zk( j), xk( j)

)
= e−Ik(0)−

∑L
`=1 PD

k (`) Ik(`)

×

mk∏
j=1

λ0
k|k(zk( j)) +

L∑
`=1

λ`k|k(zk( j), xk( j))

 , (14)

where (9) is used in the last equation.

E-Step
The difficulty is that there are as many unknown

target states as there are data, while there are L target
modes and a clutter mode. Denote the states of the L
target modes by

χk(1 : L) = {χk(1), . . . , χk(L)} , (15)

where χk( j) ∈ Rnx , j = 1, . . . ,mk . The clutter mode is
mode zero, and its state is χk(0) = ∅. The unobserved
target state xk( j) of the measurement zk( j) corresponds
to one of the L target modes or to clutter. Let σ j denote
the index of this mode, so that σ j ∈ {0, 1, . . . , L}. It is
now assumed that

xk( j) = χk(σ j), j = 1, . . . ,mk . (16)

In other words, measurements that arise from the same
mode have exactly the same target state. The con-
straints (16) violates the exact form of the “at most one
measurement per target rule”, but it is not violated in
the mean. The target states to be estimated are χk(1 : L).

The superposition in (14) is a clear indication of the
utility of the EM method for computing MAP esti-
mates. In EM parlance, (14) is the incomplete data pdf.
It is natural (indeed, other choices seem contrived here)
to let the indices σ ≡ {σ1, . . . , σmk } denote the missing
data. The complete data pdf is defined by

p (Zk, σ) = e−Ik(0)−
∑L
`=1 PD

k (`) Ik(`)
mk∏
j=1

λ
σ j

k|k

(
zk( j), χk(σ j)

)
.

(17)
Let Ik(0 : L) ≡ (Ik(0), Ik(1), . . . , Ik(L)). The posterior pdf
of σ is, by the definition of conditioning,

p
(
σ
∣∣∣χk(1 : L), Ik(0 : L)

)
=

p (Zk, σ)
p (Zk)

=

mk∏
j=1

wσ j(zk( j) ; χk(1 : L), Ik(0 : L) , (18)

where, for 1 ≤ ` ≤ L, the weights for an arbitrary mea-
surement z are given by

w`(z ; χk(1 : L), Ik(0 : L)) =
D`(z)
D0(z)

. (19)

where the numerator D`(z) is given by

D`(z) = PD
k (`) Ik(`)

×N
(
χk(`) ; x̂k|k(z ; `), Pk|k(`)

)
N

(
z ; ẑk|k−1(`), Sk|k(`)

)
(20)

and the denominator D0(z) is given by

D0(z) = Ik(0)qk (z) +

L∑
`=1

PD
k (`)Ik(`)

×N
(
χk(`); x̂k|k(z;`),Pk|k(`)

)
N

(
z; ẑk|k−1(`),Sk|k(`)

)
(21)



The weight for ` = 0 is

w0(z ; χk(1 : L), Ik(0 : L)) =
Ik(0)qk (z)

D0(z)
. (22)

The coefficient e−Ik(0)−
∑L
`=0 PD

k (`) Ik(`) cancels out in the
weight calculation. The weights are ratios of inten-
sities. They are the probabilities that the measurement
z is generated by target `, or by clutter if ` = 0.

Let r = 0, 1, . . . be the EM iteration index, and let
χ(0)

k (1 : L) and I(0)
k (0 : L) be specified initial values of the

target states and their intensity coefficients. The EM
auxiliary function is the conditional expectation

Q
(
χk(1 : L), Ik(0 : L)

∣∣∣ χ(r)
k (1 : L), I(r)

k (0 : L)
)

=

mk∑
j=1

{
log p(Zk,σ)

}
w`

(
z ; χ(r)

k (1 : L), I(r)
k (0 : L)

)
.

(23)

Proceeding algebraically in the manner typical of ap-
plications of EM methods, and dropping terms that do
not depend on χk(1 : L) and Ik(0 : L) gives the simplified
expression

Q
(
χk(1 : L), Ik(0 : L)

∣∣∣χ(r)
k (1 : L), I(r)

k (0 : L)
)

= −Ik(0) −
L∑
`=1

PD
k (`) Ik(`)

+

L∑
`=0

mk∑
j=1

w`

(
z ; χ(r)

k (1 : L), I(r)
k (0 : L)

)
logλ`k|k

(
zk( j), χk(`)

)
.

(24)

M-Step
Maximizing the auxiliary function with respect to

χk(1 : L) and Ik(0 : L) gives the EM recursion. As is ev-
ident from Eqn. (24), the auxiliary function separates
into a sum over the L target models. Consequently,
maximizing Q over all targets is equivalent to maxi-
mizing Q over each target model separately. This re-
quires taking the gradient of Q with respect to Ik(`) and
χk(`), and solving for the updates. Details are given in
the next section.

6 MMIF Recursion
The EM update for the intensity coefficient of the `-th

target is given by

I(r+1)
k (`) =

1
PD

k (`)

mk∑
j=1

w`

(
zk( j) ; χ(r)

k (1 : L), I(r)
k (0 : L)

)
.

(25)

The factor PD
k (`) cancels the same factor in the weights

(19). For clutter, ` = 0, the updated intensity coefficient

is

I(r+1)
k (0) =

mk∑
j=1

w0
(
zk( j) ; χ(r)

k (1 : L), I(r)
k (0 : L)

)
. (26)

These updates accord well with the interpretation of
the weights.

Finding the updated state for target ` is little differ-
ent. Setting the gradient with respect to χk(`) equal to
zero and solving gives the update

χ(r+1)
k (`)

=

∑mk
j=1 w`

(
zk(`) ; χ(r)

k (1 : L), I(r)
k (0 : L)

)
x̂k|k(zk( j) ; `)∑mk

j=1 w`

(
zk(`) ; χ(r)

k (1 : L), I(r)
k (0 : L)

) .

(27)

A more intuitive way to write the result is to substitute
for x̂k|k(zk( j) ; `) using (11). By linearity, the updated
state is given by the Kalman filter

χ(r+1)
k (`) = Fk−1(`) x̂k−1|k−1(`)

+ Wk(`)
{̃
z (r+1)

k|k (`) − ẑk|k−1(`)
}
, (28)

where the “synthetic” measurement for target ` is de-
fined by

z̃ (r+1)
k|k (`) =

∑mk
j=1 w`

(
zk(`) ; χ(r)

k (1 : L), I(r)
k (0 : L)

)
zk( j)∑mk

j=1 w`

(
zk(`) ; χ(r)

k (1 : L), I(r)
k (0 : L)

) .

(29)
This concludes one iteration of the EM algorithm. (The
iteration can be rewritten explicitly in terms of inno-
vations. For L = 1, the innovation form resembles the
probabilistic data association filter [5].)

On convergence, at say iteration rlast, the MAP esti-
mates of the state of target ` and its intensity are

Îk|k(`) = I(rlast)
k|k (`) , 0 ≤ ` ≤ L , (30)

x̂k|k(`) = χ(rlast)
k|k (`) , 1 ≤ ` ≤ L . (31)

EM iteration stopping criteria are discussed elsewhere.
The M-step of the EM update recursions are explic-

itly solvable because the surveillance region is the en-
tire measurement space Rnz . Bounded surveillance
regions, or regions of regard, are necessary in prac-
tice. As mentioned in [4] (see also [8, Appendix B]),
the update equations must be appropriately modified
for bounded regions. If all targets are well inside the
surveillance region, the equations here are excellent
approximations.

7 Concluding Remarks
The MMIF algorithm is derived using a marked PPP

multitarget intensity function. The marks correspond



to measurements. The marked PPP is equivalent to
an ordinary PPP on the Cartesian product of the mea-
surement and target state spaces. The intensity func-
tion of this joint PPP is parameterized using an affine
linear-Gaussian sum, where the affine term is a speci-
fied clutter PPP and the Gaussian pdfs correspond to
measurement-target pairs.

The method of EM is then applied to develop the
MMIF algorithm for multiple target states and their
intensities. The Kalman innovations enter the EM
weights in a natural manner, an aspect of the MMIF
model that suggests good performance in practice. The
“at most one measurement per target” rule holds in the
mean, primarily because the EM weights depend on
the innovations.
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Appendix. Joint Measurement-
Target Poisson Point Processes and
the Marking Theorem

Marked PPPs are defined in the first section below.
In the next section, marked PPPs are shown to be PPPs
on a Cartesian product space.

Marked Poisson Point Processes
Marked PPPs model problems in which the points are
accompanied by a “mark.” The mark is commonly
called a “feature vector” in applications. The mark can
be discrete, continuous, or discrete-continuous. An old
example is in forestry, where a point represents the lo-
cation of a tree, and its mark comprises one or more
of the following kinds of information: its species and
health (discrete/categorical), circumference at a fixed
height above the ground (continuous), or both. Other
examples are easily conceived.

Realizations of a marked PPP are in principle almost
as easy to generate as those of a PPP:

• Use the standard two-step procedure to generate
a realization

ξ = (m, {x1, . . . , xm})

of a PPP Ξ with intensityλ(s) on the spaceS. Given
m, the points x j are i.i.d. samples of the random
variable X whose pdf is pX(x) = λ(x)/

∫
S
λ(s)ds .

• The mark is a random variable U on a mark space
U with conditional pdf pU|X(u |x). Given the PPP
realization ξ, generate the marks

(u1, . . . , um) ⊂U

as independent realizations of pU|X( · |x j) , j =
1, . . . ,m .

• Pair the points with their corresponding marks:

ξ′ ≡ (m, {(x1, u1) , . . . , (xm, um)}) . (32)

The realization of the marked PPP is ξ′ .
The mark spaceU can be very general, but it is typ-

ically either a discrete set or a subset of the Euclidean
space Rκ. For the application in this paper, the tar-
gets are the points of a PPP, the measurements are the
marks, and the measurement likelihood function is the
conditional mark pdf.

In the simplest case, the marks are independent of ξ,
so that

pU |X (u |x j) ≡ pU(u) .

The marks in this case are independent of the locations
of the points in ξ as well as the number m. This kind
of marked PPP is called a compound PPP by Snyder,
and its theory is well developed in [3, Chap. 3] and [4,
Chap. 4].

For EM estimation of Gaussian sums, marks are in-
troduced as part of the complete data; that is, the marks
are the missing data of the EM method. In this appli-
cation, the mark space comprises the indices of the
components of the sum, so that U = {1, . . . , L} when
there are L components.



Yet another example, one that could have been dis-
cussed as a marked PPP but was not, is the intensity
filter of [6] and [8, Chapter 6] when the target PPP
is split during the prediction step into the detected
and undetected target PPPs. In this case, the detec-
tion process is equivalent to a marking procedure with
marks U = {0, 1}, where zero/one denotes target non-
detection/detection. The multisensor intensity filter [7]
can also be treated as a marked PPP.

Marking Theorem

Marked PPPs are intuitive models with a rich structure
that enables them to model phenomena in diverse ap-
plications. The mark structure might make them seem
fundamentally different from ordinary PPPs, but this
is not so. Marked PPPs are equivalent to PPPs on the
Cartesian product of the space S and the mark space
U with a joint intensity function µ given by

µ(x, u) = pU|X(u |x)λ(x) . (33)

This result is important as well as insightful. The simi-
larity of (33) to conditional factorization is self evident.

First observe that the realization ξ′ of (32) is an ele-
ment of the PPP event spaceE(S×U), so it has the form
of a realization of a PPP on S×U. Since the two-step
procedure is the definition of a PPP, it is only necessary
to verify that the intensity function of the point process
with realizations ξ′ takes the form (33).

The characteristic function of a finite point process
has form required by Campbell’s Theorem if and only
if the finite point process is a PPP. A proof is given in
[2]. In light of this result, it is enough to show that
for functions f (x, u) defined on the Cartesian product
S×U the characteristic function of the random sum

F(ξ′) ≡ F (m, (x1, u1) , . . . , (xm, um))

=

m∑
j=1

f (x j, u j)

is in the form given by Campbell’s Theorem, namely,

E
[
e−F

]
=

∫
S

∫
U

(
e− f (x,u)

− 1
)

pU|X(u |x)λ(x)dxdu

=

∫
S×U

(
e− f (x,u)

− 1
)
µ(x, u)dxdu . (34)

The random variables f (X j,U j) are independent given
m, so the expectation of F(ξ′) with respect to the marks,

conditioned on the points x1, . . . , xm, is

E
[
e−F

∣∣∣x1, . . . , xm
]

= EU1···Um |X1···Xm

[
e−

∑m
j=1 f (x j,U j)

]
= EU1···Um |X1···Xm

 m∏
j=1

e− f (x j,U j)


=

m∏
j=1

EU j |X j

[
e− f (x j,U j)

]
=

m∏
j=1

∫
U

e− f (x j,u j) pU|X(u j |x j)du j

= e−
∑m

j=1 g(x j) , (35)

where, for any x ∈ S,

g(x) = − log
∫
U

e− f (x,u) pU|X(u |x)du . (36)

Applying Campbell’s Theorem gives the expectation
of the expression (35) with respect to the PPP with
intensity function λ(x):

E
[
e−F

]
= EΞ

[
e−

∑M
j=1 g(X j)

]
= exp

{∫
S

(
e−g(x)

− 1
)
λ(x)dx

}
.

Substituting (36) gives

E
[
e−F

]
= exp

{∫
S

(∫
U

e− f (x,u) pU|X(u |x)du − 1
)
λ(x)dx

}
= exp

{∫
S

(∫
U

(
e− f (x,u)

− 1
)

pU|X(u |x)du
)
λ(x)dx

}
.

The last expression is equivalent to (34).
This result applies with only minor changes when

the mark space is discrete. For further discussion, see
the excellent book by Kingman [2].


